Introduction {#Sec1}
============

The field of quantum optomechanics^[@CR1]--[@CR3]^ is flourishing as one of the modern applications of quantum physics, where interactions of optical field and mechanical motion inside a confined cavity is being studied. Nonlinear interactions in optomechanics play a critical role in a growing number of studied physical phenomena, which include emergence of second-order mechanical side-bands^[@CR4],[@CR5]^, nonlinear optomechanical induced transparency^[@CR6]--[@CR9]^, phonon-laser^[@CR10],[@CR11]^, nonlinear reciprocity^[@CR12]^, and parameteric phonon-phonon coupling for cascaded optical transparency^[@CR13]^. Recently, existence of optomechanical chaos has been confirmed^[@CR14]^, which is contingent on and can be explained only using the nonlinearity of interactions. Meterology with optomechanical symmetry breaking^[@CR15]^ as well as Kerr-type nonlinear interactions^[@CR9],[@CR16]^ are other examples of optomechanical phenomena which call for nonlinear analysis. Interestingly, it has been also shown using an extensive analysis, that the gravitational constant can be measured by increased precision using nonlinear optomechanics^[@CR17]^, reaching an ideal fundamental sensitivity of $\documentclass[12pt]{minimal}
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                \begin{document}$${10}^{-15}\,{{\rm{ms}}}^{-2}$$\end{document}$ for state-of-the-art parameters.

Many of the studies in this field utilize linearization of photonic $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{b}$$\end{document}$ ladder operators around their mean values as $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{b}\to \bar{b}+\hat{b}$$\end{document}$, where the substituted ladder operators now represent field fluctuations around their respective mean values. This way of linearization is however insufficient for quadratic^[@CR18]--[@CR25]^ and higher-order interactions where the resulting Langevin equations^[@CR26]--[@CR29]^ are expected to be strongly nonlinear. Full linearization essentially transforms back every such nonlinear interaction picture into the simple linearized form of $\documentclass[12pt]{minimal}
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                \begin{document}$$(\hat{a}+{\hat{a}}^{\dagger })(\hat{b}+{\hat{b}}^{\dagger })$$\end{document}$. As a result, the behavior of systems under study due to quadratic and higher-order interactions becomes indifferent to that of ordinary linearized optomechanics, implying that in this way of linearization some of the important underlying nonlinear physics may be lost.

Recently, theory of optomechanics has been revisited by the author^[@CR30]^ as well as others for nonlinear^[@CR31]^ and quadratic^[@CR32]^ interactions. It has been shown that a non-standard quadratic term could exist due to momentum-field interaction and relativistic effects, the strength of which is proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ respectively being the mechanical and optical frequencies^[@CR30]^. Normally, such momentum-field interactions are not expected to survive under the regular operating conditions of large optical frequencies $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \gg {\rm{\Omega }}$$\end{document}$. However, it would be a matter of question that whether they could be observable in spectral response of a cavity, given that the $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Omega }}$$\end{document}$ could be put within the same order of magnitude? The answer is Yes.

Superconducting electromechanics provides a convenient means to observe quadratic effects at such conditions. Not only high photon cavity numbers could be attained, but also mechanical and radio or microwave frequencies could be set within the same order of magnitude with relative ease. This conditions have been actually met at least in one reported experiment^[@CR33]^, where the mechanical and superconducting circuit frequencies are designed to be equal at $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega ={\rm{\Omega }}=2\pi \times 720\,{\rm{kHz}}$$\end{document}$. Tuning to the lowest-order odd-profiled mechanical mode, or using the membrane-in-the-middle setup^[@CR8],[@CR33]^ in optomechanical experiments could altogether eliminate the standard optomechanical interaction, leaving only the quadratic terms and higher.

Apart from experimental considerations for observation of quadratic effects, there remains a major obstacle in theoretical analysis of combined standard and non-standard quadratic interactions. To the best knownledge of the author, this regime has been investigated theoretically for the case of only standard quadratic interaction using the time-evolution operators^[@CR25]^.

Growing out of the context of quantum optomechanics, the method of higher-order operators developed by the author^[@CR34]^ can address problems with any general combination of nonlinearity, stochastic input, operator quantities, and spectral estimation. Higher-order operators have been already used in analysis of nonlinear standard optomechanics^[@CR35]^, where its application has uncovered effects known as sideband inequivalence, quantities such as coherent phonon population, as well as corrections to the optomechanical spring effect, zero-point field optomechanical interactions, and a minimal basis with the highest-order which allows exact integration of optomechanical Hamiltonian subject to multiplicative noise input. Also, it has been independently used^[@CR36]^ for investigation of quadratic effects. But this method has not been verified yet for non-standard quadratic optomechanics, which is the central topic of this study.

In this article, we employ a six-dimensional basis of higher-order operators, all being second order, which satisfy an exact closed commutation relations. This basis can be used to analyze the quadratic interactions of both standard and non-standard types, which has been so far not done. It has been shown that the momentum-field interaction, referred to as the non-standard quadratic term, does have observable effects on the spectral response of the optomechanical cavity, if the design criteria could violate $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Omega }}\ll \omega $$\end{document}$. Hence, the effect of this interaction should not be overlooked when the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Omega }}/\omega $$\end{document}$ is non-negligible. The non-standard term appears to survive even under weak quadratic coupling. This study paves the way for probing a previously unexplored domain of quantum optomechanics.

Results {#Sec2}
=======

In this section, we discuss the model Hamiltonian for the quadratic interaction in quantum optomechanics. As it will be shown, it is composed of two contributing terms. The first term $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{H}}}_{1}$$\end{document}$ is the well-known standard quadratic term, resulting from the product of photon number $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{X}}}^{2}={(\hat{b}+{\hat{b}}^{\dagger })}^{2}$$\end{document}$. The second term $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{H}}}_{2}$$\end{document}$, which is also quadratic in order, represents the non-standard term and describes the momentum-field interaction among the squared momentum of the mirror $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{P}}}^{2}=(\hat{b}-{\hat{b}}^{\dagger }{)}^{2}$$\end{document}$ and squared second quadrature of the electromagnetic field $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr{P}}}^{2}={(\hat{a}-{\hat{a}}^{\dagger })}^{2}$$\end{document}$ ^[@CR30]^, thus admitting the form $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr{P}}}^{2}{{\mathbb{P}}}^{2}$$\end{document}$. It should be mentioned that the phase of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi /2$$\end{document}$, allowing one to rewrite the latter interaction as $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr{X}}}^{2}{{\mathbb{P}}}^{2}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr{X}}}^{2}={(\hat{a}+{\hat{a}}^{\dagger })}^{2}$$\end{document}$. In that sense, the referral to the field quadratures as either $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{P}}$$\end{document}$ is quite arbitrary.

Hamiltonian {#Sec3}
-----------

For the purpose of this article, we consider that the standard optomechanical interaction $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{H}}}_{{\rm{OM}}}$$\end{document}$ vanishes due to appropriate design with $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{0}=0$$\end{document}$. This not only simplifies the description of the problem and reduces the dimension of basis significantly, but is also favorable from an experimental point of view, since the lowest order surviving interaction now would be quadratic. As mentioned in the above, this criterion can be easily met in superconducting electromechanics by tuning the electroagnetic frequency to the first odd-profiled mechanical mode, or in optomechanics by using arrangements such as the membrane-in-the-middle setup^[@CR8],[@CR33]^. In general, the condition $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{0}=0$$\end{document}$ might not be exactly achieved and it may cause some difficulty in observation of quadratic effects, since standard optomechanical interactions could still mask out the much weaker quadratic interactions. However, for the purpose of current study, we may neglect this effect in the same way is being done by other researchers^[@CR18]--[@CR25]^. The total Hamiltonian is thus given by $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb{H}}={{\mathbb{H}}}_{0}+{{\mathbb{H}}}_{1}+{{\mathbb{H}}}_{2}+{{\mathbb{H}}}_{d}$$\end{document}$ where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{c}{{\mathbb{H}}}_{0}=\hslash \tilde{\omega }{\hat{a}}^{\dagger }\hat{a}+\hslash \tilde{{\rm{\Omega }}}{\hat{b}}^{\dagger }\hat{b}=\hslash \tilde{\omega }\hat{n}+\hslash \tilde{{\rm{\Omega }}}\hat{m},\\ {{\mathbb{H}}}_{1}=\hslash \tfrac{1}{2}\varepsilon {\hat{a}}^{\dagger }\hat{a}{(\hat{b}+{\hat{b}}^{\dagger })}^{2}=\hslash \tfrac{1}{2}\varepsilon \hat{n}{{\mathbb{X}}}^{2},\\ {{\mathbb{H}}}_{2}=-\,\hslash \tfrac{1}{2}\beta {(\hat{a}-{\hat{a}}^{\dagger })}^{2}{(\hat{b}-{\hat{b}}^{\dagger })}^{2}=-\,\hslash \tfrac{1}{2}\beta {{\mathscr{P}}}^{2}{{\mathbb{P}}}^{2},\\ {{\mathbb{H}}}_{d}=\hslash \gamma (\alpha {e}^{i{\omega }_{d}t}\hat{a}+{\alpha }^{\ast }{e}^{-i{\omega }_{d}t}{\hat{a}}^{\dagger }).\end{array}$$\end{document}$$
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                \begin{document}$$\tilde{{\rm{\Omega }}}$$\end{document}$ are respectively the bare unperturbed optical and mechanical frequencies. We notice that the relative frequency notation of optical detuning, which is useful in standard optomechanical and quadratic interactions^[@CR35]^ is not to be used here. In (1), furthermore, we assume the existence of only one drive term with the complex amplitude *α* and frequency $\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{{\rm{d}}}$$\end{document}$. In general, it is possible to assume the existence of multiple drive terms at different frequencies, but this does not alter the mathematical approach under consideration. We furthermore notice that the non-standard quadratic term can be also written as $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{H}}}_{2}=-\,\hslash \tfrac{1}{2}\beta {{\mathscr{X}}}^{2}{{\mathbb{P}}}^{2}$$\end{document}$ with basically no physically significant difference, as mentioned in the above section, too. Hence, the non-standard term can take on either of the sign conventions --- as $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr{P}}}^{2}{{\mathbb{P}}}^{2}$$\end{document}$, or +− as $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ is the strength of the standard quadratic interaction and *β* is the strength of the non-standard quadratic interaction. These are shown to be related as^[@CR30]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\beta =\frac{1}{4}(\frac{{\pi }^{2}}{3}+\frac{1}{4}){(\frac{\tilde{{\rm{\Omega }}}}{\tilde{\omega }})}^{2}\varepsilon \equiv \tfrac{1}{2}\rho \varepsilon .$$\end{document}$$

It is easily seen that in the regime of large optical frequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \approx 0$$\end{document}$ and the non-standard term vanishes. This is what has actually been probed in nearly all experiments on quadratic optomechanical interactions so far^[@CR18]--[@CR24],[@CR36]^. The large mechanical frequency regime of standard quadratic interactions has been however recently probed^[@CR25]^ and it has been suggested that the roles of optical and mechanical parts are expected to interchange without consideration of the non-standard quadratic effect. Hence, the condition defining the critical mechanical frequency as $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\rm{\Omega }}}=\frac{1}{2}\sqrt{\frac{1}{3}{\pi }^{2}+\frac{1}{4}}\tilde{\omega }\approx 0.941\tilde{\omega }$$\end{document}$ marks a critical value for the transition border, across which the regimes of large and small mechanical frequency with respect to the given electromagnetic frequency are distinguished. This happens to be remarkably close to the identical frequencies as $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\rm{\Omega }}}=\tilde{\omega }$$\end{document}$, too. It is not difficult to see that the above Hamiltonian with the sign convention taken as +− can be rewritten as$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb{H}}=\hslash \omega \hat{n}+\hslash {\rm{\Omega }}\hat{m}+\hslash \varepsilon [\hat{n}(\hat{m}+\hat{d}+{\hat{d}}^{\dagger })-\rho (\hat{n}+\hat{c}+{\hat{c}}^{\dagger })(\hat{d}+{\hat{d}}^{\dagger }-\hat{m})]+{{\mathbb{H}}}_{{\rm{d}}},$$\end{document}$$in which $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{d}=\frac{1}{2}{\hat{b}}^{2}$$\end{document}$ are defined and discussed extensively in the preceding articles^[@CR30],[@CR34],[@CR35]^, and time-independent non-interacting terms are dropped which are irrelevant to the behavior of system dynamics. Furthermore, the altered effective optical and mechanical frequencies due to the quadratic optomechanical interaction assume different forms, and now read$$\documentclass[12pt]{minimal}
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                \begin{document}$$\omega =\tilde{\omega }+\tfrac{1}{2}\varepsilon +\beta ,\,{\rm{\Omega }}=\tilde{{\rm{\Omega }}}+\beta .$$\end{document}$$

The importance of the non-standard quadratic term $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{H}}}_{2}$$\end{document}$^[@CR30]^ is that it describes a non-vanishing correction to the field-mirror interaction, beyond simple nonlinear quantum back-action of mirror on the reflected light. In standard picture of quantum optomechanics, the light gets reflected off a displaced mirror which already has shifted the resonance frequency of cavity. Higher-order corrections to combination of these effects give rise to quadratic interactions. But in quadratic quantum optomechanics, either momenta of field and mirror do not apparently come into consideration, or their contributions are somehow lost because of the approximations used in the expansions. It is expected that normally such an interaction should take care of momentum exchange. The exchange and conservation of momenta under standard quadratic interaction is uncertain and actually not quite obvious, since momentum operators do not show up in the interaction.

Basis {#Sec4}
-----

Analysis of the Hamiltonian (3) here is going to be based on the six-dimensional space spanned by the basis operators $\documentclass[12pt]{minimal}
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                \begin{document}$${\{A\}}^{{\rm{T}}}=\{\hat{c},{\hat{c}}^{\dagger },\hat{n},\hat{d},{\hat{d}}^{\dagger },\hat{m}\}$$\end{document}$^[@CR34]^. This basis can be easily seen to be the smallest possible set, with closed commutators, capable of describing the system modeled by (1). The commutation properties of this basis^[@CR34]^ is here given for the sake of convenience$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{c}{[\hat{c},{\hat{c}}^{\dagger }]=\hat{n}+\frac{1}{2},\,[\hat{c},\hat{n}]=2\hat{c},\,[\hat{n},{\hat{c}}^{\dagger }]=2{\hat{c}}^{\dagger },}\\ {[\hat{d},{\hat{d}}^{\dagger }]=\hat{m}+\frac{1}{2},\,[\hat{d},\hat{m}]=2\hat{d},\,[\hat{m},{\hat{d}}^{\dagger }]=2{\hat{d}}^{\dagger }.}\end{array}$$\end{document}$$
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                \begin{document}$$\{\hat{d},{\hat{d}}^{\dagger },\hat{m}\}$$\end{document}$ are clearly zero. This fact together with the set of commutators (5) establishes the closedness property of our basis. The basis $\documentclass[12pt]{minimal}
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                \begin{document}$$\{A\}$$\end{document}$ under consideration is called to be second-order, since its operators are all products of two single ladder operators. Other bases of the third- and higher-orders are discussed elsewhere, respectively for standard optomechanics^[@CR35]^ and quadratic interactions^[@CR34]^.
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                \begin{document}$$[\hat{c},\hat{a}]=[{\hat{c}}^{\dagger },{\hat{a}}^{\dagger }]=0$$\end{document}$ along with the pair of relationships$$\documentclass[12pt]{minimal}
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                \begin{document}$$[\hat{c},{\hat{a}}^{\dagger }]=[\hat{a},\hat{n}]=\hat{a},\,[\hat{a},{\hat{c}}^{\dagger }]=[n,{\hat{a}}^{\dagger }]={\hat{a}}^{\dagger },$$\end{document}$$to evaluate the effect of drive and input noise terms later. Assumption of a resonant drive term here requires $\documentclass[12pt]{minimal}
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Langevin Equations {#Sec5}
------------------

The task of construction of Langevin equations proceeds with the original equation^[@CR1]--[@CR3],[@CR26]--[@CR29]^$$\documentclass[12pt]{minimal}
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There are a total of six Langevin equations for the system (1), which can be constructed one by one, corresponding to the six members of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{A\}$$\end{document}$. These equations can be obtained using the commutators (5,6) after some straightforward algebra as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}\dot{\hat{c}} & = & -i2\omega \hat{c}-\kappa \hat{c}-i\varepsilon [2(\hat{m}+\hat{d}+{\hat{d}}^{\dagger })\hat{c}-\rho (\hat{d}+{\hat{d}}^{\dagger }-\hat{m})(2\hat{c}+\hat{n}+\tfrac{1}{2})]\\  &  & +\,i{\alpha }^{\ast }{e}^{-i\omega t}\hat{a}-\sqrt{\kappa }\hat{a}{\hat{a}}_{{\rm{in}}},\\ {\dot{\hat{c}}}^{\dagger } & = & i2\omega {\hat{c}}^{\dagger }-\kappa {\hat{c}}^{\dagger }+i\varepsilon [2(\hat{m}+\hat{d}+{\hat{d}}^{\dagger }){\hat{c}}^{\dagger }-\rho (\hat{d}+{\hat{d}}^{\dagger }-\hat{m})(2{\hat{c}}^{\dagger }+\hat{n}+\tfrac{1}{2})]\\  &  & -\,i\alpha {e}^{i\omega t}{\hat{a}}^{\dagger }-\sqrt{\kappa }{\hat{a}}_{{\rm{in}}}^{\dagger }{\hat{a}}^{\dagger },\\ \dot{\hat{n}} & = & -i2\beta (\hat{c}-{\hat{c}}^{\dagger })(\hat{d}+{\hat{d}}^{\dagger }-\hat{m})-\kappa \hat{n}+i(\alpha {e}^{i\omega t}\hat{a}-{\alpha }^{\ast }{e}^{-i\omega t}{\hat{a}}^{\dagger })\\  &  & -\,\sqrt{\kappa }({\hat{a}}^{\dagger }{\hat{a}}_{in}+{\hat{a}}_{{\rm{in}}}^{\dagger }\hat{a}),\\ \dot{\hat{d}} & = & -i2{\rm{\Omega }}\hat{d}-{\rm{\Gamma }}\hat{d}-i\varepsilon [\hat{n}(2\hat{d}+\hat{m}+\tfrac{1}{2})-\rho (\hat{c}+{\hat{c}}^{\dagger }+\hat{n})(\hat{m}+\tfrac{1}{2}-2\hat{d})]\\  &  & -\,\sqrt{{\rm{\Gamma }}}\hat{b}{\hat{b}}_{{\rm{in}}},\\ {\dot{\hat{d}}}^{\dagger } & = & i2{\rm{\Omega }}{\hat{d}}^{\dagger }-{\rm{\Gamma }}{\hat{d}}^{\dagger }+i\varepsilon [\hat{n}(2{\hat{d}}^{\dagger }+\hat{m}+\tfrac{1}{2})-\rho (\hat{c}+{\hat{c}}^{\dagger }+\hat{n})(\hat{m}+\tfrac{1}{2}-2{\hat{d}}^{\dagger })]\\  &  & -\,\sqrt{\Gamma }{\hat{b}}_{{\rm{in}}}^{\dagger }{\hat{b}}^{\dagger },\\ \dot{\hat{m}} & = & -i2\varepsilon (\hat{d}-{\hat{d}}^{\dagger })[(\rho -1)\hat{n}+\rho (\hat{c}+{\hat{c}}^{\dagger })]-\sqrt{{\rm{\Gamma }}}({\hat{b}}^{\dagger }{\hat{b}}_{in}+{\hat{b}}_{in}^{\dagger }\hat{b}).\end{array}$$\end{document}$$

Steady-State Equilibrium {#Sec6}
------------------------

The special algebraic form of non-standard interaction together with the presence of drive term makes the analysis requiring a bit of care. Ambiguities could be avoided by using explicit decompositions and replacements$$\documentclass[12pt]{minimal}
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It has to be mentioned that the replacements (9,10) are not linearization, but rather an algebraic convention which further allows distinction of steady-state cavity photon and phonon populations under resonant drive. The first separated scalar terms represent the major non-oscillating parts $\documentclass[12pt]{minimal}
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One may now proceed to construct the equations for steady-state populations $\documentclass[12pt]{minimal}
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Under resonance conditions where optical and mechanical frequencies are the same $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega =\pm \,{\rm{\Omega }}$$\end{document}$, there remain a few extra terms. After discarding stochastic noise input, application of these steps to the first, third, fourth, and sixth equations of (8) and simplifying, gives the following four nonlinear algebraic equations for steady state terms$$\documentclass[12pt]{minimal}
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These two nonlinear algebraic equations can be numerically solved for non-negative real roots of $\documentclass[12pt]{minimal}
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Integrable System & Stability {#Sec7}
-----------------------------

The Langevin equations ([8](#Equ8){ref-type=""}) are still nonlinear and thus non-integrable, but they are instead expressed in terms of second-order operators. Hence, even after taking out the constant oscillating parts using the replacements (9,10), and ignoring the remaining fourth- and higher-order nonlinear terms, the basic nonlinear quadratic interaction still survives. This advantage in using higher-order operators has been noticed by the author^[@CR34]^ as well as others^[@CR36]^.

Following the one-dimensional analysis provided in the preceding study^[@CR30]^, the strength of subsequent nonlinear nth-order terms decrease typically as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{rcl}\dot{\hat{c}} & = & [i2\omega -\kappa -i2(\varepsilon +\beta )\bar{m}]\hat{c}+i\beta (\bar{n}+\tfrac{1}{2})(\hat{d}+{\hat{d}}^{\dagger }-\hat{m})-\,i\beta \bar{m}\hat{n}-\sqrt{\tfrac{1}{2}\bar{n}\kappa }{\hat{a}}_{in},\\ {\dot{\hat{c}}}^{\dagger } & = & [\,-\,i2\omega -\kappa +i2(\varepsilon +\beta )\bar{m}]{\hat{c}}^{\dagger }-i\beta (\bar{n}+\tfrac{1}{2})(\hat{d}+{\hat{d}}^{\dagger }-\,\hat{m})+i\beta \bar{m}\hat{n}-\sqrt{\tfrac{1}{2}\bar{n}\kappa }{\hat{a}}_{in}^{\dagger },\\ \dot{\hat{n}} &  & -\kappa \hat{n}+i2\beta \bar{m}(\hat{c}-{\hat{c}}^{\dagger })-\sqrt{\kappa \bar{n}}({\hat{a}}_{in}+{\hat{a}}_{in}^{\dagger }),\\ \dot{\hat{d}} & = & [\,-\,i2{\rm{\Omega }}-{\rm{\Gamma }}-i2(\varepsilon +\beta )\bar{n}]\hat{d}+i\beta (\bar{m}+\tfrac{1}{2})(\hat{c}+{\hat{c}}^{\dagger })\\  &  & -\,i(\varepsilon -\beta )[\bar{n}\hat{m}+(\bar{m}+\tfrac{1}{2})\hat{n}]-\sqrt{2{\rm{\Gamma }}|\bar{d}|}{\hat{b}}_{in},\\ {\dot{\hat{d}}}^{\dagger } & = & [i2{\rm{\Omega }}-{\rm{\Gamma }}+i2(\varepsilon +\beta )\bar{n}]{\hat{d}}^{\dagger }-i\beta (\bar{m}+\tfrac{1}{2})(\hat{c}+{\hat{c}}^{\dagger })\\  &  & +\,i(\varepsilon -\beta )[\bar{n}\hat{m}+(\bar{m}+\tfrac{1}{2})\hat{n}]-\sqrt{2{\rm{\Gamma }}|\bar{d}|}{\hat{b}}_{in}^{\dagger },\\ \dot{\hat{m}} & = & -\,{\rm{\Gamma }}\hat{m}+i2(\varepsilon -\beta )\bar{n}(\hat{d}-{\hat{d}}^{\dagger })-\sqrt{{\rm{\Gamma }}|\bar{d}|}({\hat{b}}_{{\rm{in}}}+{\hat{b}}_{{\rm{in}}}^{\dagger }).\end{array}$$\end{document}$$

Here, we have furthermore employed the white noise approximation to the Weiner processes $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{b}}_{{\rm{in}}}^{2}$$\end{document}$ enter the Langevin equations^[@CR34]^ which need a careful and very special treatment to evaluate their corresponding spectral densities. Now, the system of Langevin equations ([13](#Equ13){ref-type=""}) is fully linearized and can be integrated to obtain the spectral densities of each variable. In order to do this, we first define the input vector$$\documentclass[12pt]{minimal}
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Spectral Density {#Sec8}
----------------
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There are quite a few assumptions needed to obtain (19), including validity of Gaussian white noise processes for both photons and phonons, complete independence of stochastic processes for phonons and photons, and ignoring higher-order noise terms arising from multiplicative noise terms in (8) leading to the mean-field approximation for nonlinear multiplicative noise.
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Therefore, the spectral density of the requested system operator can be approximately recovered from the calculated spectral density of the higher-order system operator. A factor 4 has been already been absorbed in (21) because of the definition $\documentclass[12pt]{minimal}
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Discussion {#Sec9}
==========

In this section, we discuss numerical results of solving the system (16) using the scattering matrix formalism (18) and present the computed spectral densities. We base the simulation on the parameters mostly taken from a recent study on superconducting electromechanics^[@CR33]^ where radio-and mechanical frequencies are accurately tuned and set to equal values. However, we study resonant $\documentclass[12pt]{minimal}
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Since no quadratic interaction is investigated in the article under consideration, we proceed to assume that the interaction with the second mechanical mode is being studied so that *g*~0~ may be effectively set to zero. Furthermore, $\documentclass[12pt]{minimal}
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The behavior at optical frequencies $\documentclass[12pt]{minimal}
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However, when the mechanical frequency gets large with respect to the optical frequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon =2\pi \times 500\,{\rm{H}}z$$\end{document}$.Figure 10Calculated spectral density $\documentclass[12pt]{minimal}
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The results of this research could be relevant to sensing applications where nonlinear optomechanics could in principle produce pronounced sensitivities, such as those reported recently for quantum gravimetry^[@CR17],[@CR32]^. Also possible generation of continuous squeezed electromagnetic radiation seems to be feasible by carefully optimized design of a membrane-in-the-middle superconducting electromechanics setup. Further applications could be still plausible but will need more in depth study. Experiments can unambiguously determine the existence of non-standard quadratic optomechanics.

Conclusions {#Sec10}
===========

In summary, we presented a detailed theoretical and numerical analysis of the quadratic optomechanical interactions, using the method of higher-order operators. We have studied both types of standard quadratic and the predicted non-standard quadratic interactions, and through extensive simulations have established clear signatures for existence of non-standard interactions, while stability of the system under study has also been established. Such types of quadratic interactions can be probed in a carefully designed experiment where the optical and mechanical frequencies fall within the same order of magnitude.
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